Single-photon-assisted entanglement concentration of a multi-photon system in a partially 
entangled W state with weak cross- Kerr nonlinearity* 
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We propose a nonlocal entanglement concentration protocol (ECP) for A'-photon systems in a partially entan- 
gled W state, resorting to some ancillary single photons and the parity-check measurement based on cross-Kerr 
nonlinearity. One party in quantum communication first performs a parity-check measurement on her photon in 
an A'-photon system and an ancillary photon, and then she picks up the even-parity instance for obtaining the 
standard W state. When she obtains an odd-parity instance, the system is in a less-entanglement state and it is the 
resource in the next round of entanglement concentration. By iterating the entanglement concentration process 
several times, the present ECP has the total success probability approaching to the limit in theory. The present 
ECP has the advantage of a high success probability. Moreover, the present ECP requires only the A'-photon 
system itself and some ancillary single photons, not two copies of the systems, which decreases the difficulty of 
its implementation largely in experiment. It maybe have good applications in quantum communication in future. 

OCIS codes: 270.0270, 270.5585. 



I. INTRODUCTION 

Entanglement is a key important resource in quantum in- 
formation and quantum computation QJJ] . The advantage of 
quantum computer, the powerful computation, comes from 
multipartite entanglement, compared with classical computer. 
Also, entanglement is used as the information carries in quan- 
tum communication, such as quantum key distribution (QKD) 
J^-@], quantum teleportation |7], quantum dense coding 
quantum secret sharing IU0l-[T71. quantum state sharing (T^- 
l22tl . controlled teleportation ll23l - l25ll . and so on. In a long- 
distance quantum communication, entanglement is used to 
construct quantum repeaters. However, entanglement is frag- 
ile to channel noise. In a practical transmission or the process 
for storing an entangled quantum system, it inevitably suf- 
fers from channel noise and its environment. The noise will 
make the system decoherent, which will decrease the secu- 
rity of QKD protocols and the fidelity of quantum teleporta- 
tion and dense coding. There are some interesting ways for 
dealing with the issue of decoherence in quantum communi- 
cation, such as decoherence-free subspaces ll26l - l29tl . faithful 
qubit distribution i30l IJpl . faithful qubit transmission l32tl . 
error-rejecting codes [33], faithful entanglement distribution 
Jill], and so on. Most of them are very useful for overcom- 
ing a collective noise by encoding a logical qubit with several 
physical qubits. There is a fundamental hypothesis that the 
noise is a collective one. These methods are used to deal with 
the photon systems before they are transmitted over a noisy 
channel. 

Entanglement purification and entanglement concentration 
are two interesting quantum techniques with which the users 
can obtain some high-fidelity entangled photon systems after 
they are transmitted over a noisy channel or stored in a practi- 
cal environment and they are in a less-entanglement state. In 



detail, entanglement purification is used to extract some high- 
fidelity entangled systems from a less-entangled ensemble in 
a mixed state [35-46]. Entanglement concentration is used to 
obtain a subset of photon systems in a maximally entangled 
state from a set of systems in a partially entangled pure state. 
Although entanglement purification is more general than en- 
tanglement concentration in the practical applications because 
an entangled photon system is usually in a mixed entangled 
state after it is transmitted over a noisy channel, entanglement 
concentration is entanglement concentration is more efficient 
for the two remote parties in quantum communication, say 
the sender Alice and the receiver Bob, to distill some maxi- 
mally entangled systems from an ensemble in a less-entangled 
pure state because entanglement purification should consume 
a great deal of quantum resource for improving the fidelity of 
systems in a mixed entangled state, not obtain a maximally 
entangled state directly. Entanglement concentration is use- 
ful in some particular cases, such as the decoherence of en- 
tanglement arising from the storage process or the imperfect 
entanglement source. 
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Since Bennett et al. 114711 proposed the original entangle- 
ment concentration protocol (ECP) in 1996, there have been 
some interesting and typical ECPs for photon systems J^-lUt] 
and atom systems ||5a,|53]. For example, Bose et al. 114811 pro- 
posed an ECP based on entanglement swapping in 1999. Sub- 
sequently, Shi et al. B49I1 presented an ECP based on a collec- 
tion unitary evolution on a qubit in a multi-qubit system and 
an ancillary qubit. In 2001, an ECP based on polarizing beam 
splitters (PBSs) was proposed 03IM]. In 2008, Sheng, Deng 
and Zhou proposed an interesting ECP [52]with cross-Kerr 
nonlinearities. In 2010, they presented the first single-photon 
ECP f53ll with cross-Kerr nonlinearities. In 2012, Sheng et al. 
I54I1 proposed a single-photon-assisted ECP for partially en- 
tangled multi-photon systems. Recently, an optimal nonlocal 
multipartite ECP for photon systems in a partially entangled 
Bell-type state is proposed 15511 . resorting to a parity-check 
measurement on one photon in the system and an ancillary 
single photon and the projection measurement on the ancil- 
lary photon with cross-Kerr nonlinearities. 



Although there exist some interesting ECPs, most of them 
are used to distill some maximally entangled Bell states or 
Greenberger-Horne-Zeilinger (GHZ) states. There are few 
schemes for concentrating the non-maximally entangled pure 
W-class states. In essence, W state are inequivalent to the 
GHZ states as they cannot be converted into each other un- 
der stochastic local operations and classical communication 
(SLOCC). Moreover, a W state is more robust than a GHZ 
state against the loss of one or two photons. Therefore, it is in- 
teresting to discuss the entanglement concentration on the par- 
tially entangled W state. By far, there are three ECPs for pho- 
ton systems in a partially entangled W state [58-60]. The first 
one is a linear optical scheme for entanglement concentration 
of two known partially entangled three-photon W states (HI]. 
The second one is linear-optics-based entanglement concen- 
tration of unknown partially entangled three-photon W states 
ll59ll . It is proposed by Wang, Zhang, and Yeon i59ll in 2010. 
In 201 1, Xiong and Ye l60ll proposed another ECP for a par- 
tially entangled W state with cross-Kerr nonlinearity. Both 
these two interesting ECPs are used to deal with an unknown 
multi-photon W-class state. There is no ECP for a known 
multi-photon W-class state. 

In this paper, we proposed an nonlocal ECP for -photon 
systems in a known partially entangled pure W state, resorting 
to ancillary single photons and the parity-check measurement 
based on cross-Kerr nonlinearity. It does not depend on two 
copies of -photon systems in a partially entangled W-class 
state in each round of concentration, just each system itself 
and some ancillary single photons, which makes it far differ- 
ent from other ECP for W states HHMl- In the present ECP, 
only one of the parties in quantum communication, say Alice, 
first operates her photon and the ancillary single photons for 
concentrating the entanglement of an -photon system and 
then tells the others to retain or discard the system, which 
greatly simplifies the complication of classical communica- 
tion as others require all the parties operate the entanglement 
process in the same way, similar to the works for a Bell-type 
state 11541, l55ll . Moreover, the present ECP has a higher total 
success probability approaching to the limit in theory by it- 
erating the entanglement concentration process several times. 
All these advantages make our ECP more feasible than others. 
It maybe have good applications in quantum communication 
in future. 



II. ENTANGLEMENT CONCENTRATION OF PARTIALLY 
ENTANGLED THREE-PHOTON W STATES 

Before we discuss the principle of our ECP for a partially 
entangled three-photon W states, we first introduce the princi- 
ple of a parity-check detector (PCD) on the polarization states 
of two photons with cross-Kerr nonlinearity. In fact, the prin- 
ciple of the PCD here is similar to those in Refs. 114a, p5l rolll . 
In detail, the Hamiltonian of a cross-Kerr nonlinearity can be 
written as follows lIcSlll : 

H ck = hxala s ct p a p (1) 
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FIG. 1: The principle of a parity-check detector (PCD) on the po- 
larizations of two photons, the same as that in Ref.l4q. [s^l. PBS 
represents a polarizing beam splitter which transmits the photon in 
the horizontal polarization \H ) and reflects the photon in the vertical 
polarization \ V). ck\ and ck2 represent two cross-Kerr nonlinearities 
which will lead to the phase shift +6 and -6 when there is a pho- 
ton passing through the media, respectively. represents an X 
quadrature measurement with which one can not distinguish the the 
states \ae ±m ) p (UIH. 



where a + s and a p are the creation operations, and a s and a p are 
the destruction operations. The subscripts s and p represent 
the signal light and the probe light, respectively, x is the cou- 
pling strength of the cross-Kerr nonlinearity. If a signal light 
in the state \¥) s = co|0) J +ci|l) ! (|0) s and |l) s denote that there 
are no photon and one photon respectively in this state) and a 
coherent probe beam in the state \a) p couple with a cross-Kerr 
nonlinearity medium, the evolution of the whole system can 
be described as i46ll55l|6lll: 

U ck m s \a) P = e^tcolO^ + ciliyia},, 

= c \0) s \a}p+ci\l) s \ae ie ) p , (2) 

where 9 — %t is the phase shift of the probe beam, which de- 
pends on the interaction time t and the coupling strength x- 
That is, the coherent beam P picks up a phase shift 9 directly 
proportional to the number of the photons in the signal light 
in the Fock state PP)^ Based on this feature of a cross-Kerr 
nonlinearity, the principle of our PCD is shown in FigQ] sim- 
ilar to those in Refs. SUHIM]. Here \%)( x \ represents an X 
quadrature measurement with which one can not distinguish 
the the states \ae ±,e ) p l6ll l62tl . With the two cross-Kerr non- 
linearities ck\ and c&2, one can distinguish the superpositions 
and mixtures of the polarization states \HH) and \VV) from 
\HV) and \VH) based on the different phase shifts. That is, the 
probe beam \a) p will pick up a phase shift 9 if the two pho- 
tons is in the state \HH)b^ or \VV)b l b 2 < while it picks up a 
phase shift when the two photons is in the state \ VH)t,^ 1 or 
\HV)b i bi- In other words, when the parity of the two photons 
is even, the coherent beam will pick up a phase shift 9; oth- 
erwise it will pick up a phase shift 0. By detecting the phase 
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shift of the probe beam, one can determine that the parity of 
the two photons is even or odd. 
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FIG. 2: The principle of the present ECP for three-photon W states 
with ancillary single photons and the parity-check detector (PCD) 
based on cross-Kerr nonlinearity. R45 represents a Hadamard oper- 
ation on the polarization of the ancillary single photon a. H and V 
represent the horizontal polarization state of photons \H) and the ver- 
tical polarization state |K), respectively. 



Let us assume that the three-photon system composed of 
the three photons ABC is in the following partially entangled 
W-class polarization states: 



\<P)cba = a\H) c \H) B W) A +B(\H)c\V) B \H) A 
+ \V) c \H)b\H)a), 



(3) 



where the subscripts A, B, and C represent the three photons 
belonging to the three remote parties in quantum communica- 
tion, say Alice, Bob, and Charlie. Different from those ECPs 
for W states lf59[|60ll . here a and B are two known real num- 
bers and satisfy the relation 



a 2 +2B 2 = 1. 



(4) 



Certainly, in a practical application, it is not difficult for the 
parties to obtain information about the parameters a and B by 
detecting a subset of three-photon systems, similar to the case 
for Bell-type states B55I1 . 

The principle of our ECP is shown in Figj2] In the process 
of concentrating a three-photon system, Alice prepares an an- 
cillary photon a. It is in the polarization state \tp) a - Here 



\<P)a 



1 



yja 2 + 0- 



:(a\H}+B\V}) a . 



(5) 



Before Alice preforms a parity-check measurement on her 
photon A and the ancillary photon a, the composite system 
composed of the four photons CBAa is in the state 



|*>, 



CBAa 



' \<fi)a 



^a 2 +B 7 



{aB[\H) c \H) B \V) A \V) a + QH)c\V) B 



+ \V) c \H) B )\H) A \H) a ] + ^|//> c | J f7> B |V> A | J f7>a 
+ B 2 (\H)c\V) B + W) c \H) B )\H) A \V) a ). (6) 

With the parity-check measurement on the photons A and a, 
Alice can divide the state of the four-photon system CBAa 
into two classes. In the first one, it is in a state in which each 
item has the same parameter, that is, 

l^iW = ^ F {\H)c\H) B \V)A\V)a + {\H)c\V) B 
V3 

+ W)c\H) B )\H) A \H) a ). (7) 

In the second one, the system is in a state with less entangle- 
ment and different parameters, that is, 



1 



CBAa - 



yja 2 + 2B 1 



[a 2 \H) c \H) B \V) A \H) a 



+ B 2 (\H)cW)b + \V) c \H) B )\H) A \V) a ]. (8) 

In the fact, in the first class, Alice obtains an even parity when 
she performs a parity-check measurement on the photon A and 
the ancillary a. The state I^Pi )c BAa corresponds to the param- 
eter aB in Eq.©. In the second class, Alice obtains an odd 
parity, which leads to the state ^\)cBAa- The probability that 
Alice obtains an even parity when she measures the two pho- 
tons A and a is 



Pi = 



3a 2 B 2 



a 2 +B 2 ' 

The probability that Alice obtains an odd parity is 



a 4 + 2B 4 
a 2 +B 2 ' 



(9) 



(10) 



Alice can measure the ancillary photon a for obtaining 
the standard three-photon W state from the four-photon state 
\ x Vx)cBAa with the basis X (i.e., {|±x> = -±=(\H)±\V))}). When 
she obtain the state | + x) a , the three-photon system is in the 
standard W state \ Wt ). Here 



\Wi)c B A = \{\H)c\H) B \V) A + (\H) C \V) B + W) C \H) B )\H) A ). 



V3 



(11) 



When she obtain the state | - x) a , the three-photon system is 
in another standard W stat 



m)csA = -^(\H)c\H) B \V) A - W) C \V) B + W) C \H) B )\H) A ). 



V3 



(12) 



Alice can transform the state \WZ ) a into the state by per- 
forming a phase-flip operation <x z = \H){H\ - \V){V\ on her 
photon A. 
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As for the less-entanglement state I^Pj )cbaci, Alice can mea- 
sure the ancillary photon a with the basis X to transform it into 
a three-photon state with less entanglement. That is, 



2/CBA 



y/a 2 + IB 2 
yja 2 + IB 2 



\H) c \H)bW)a 



(\H)c\V)b + W)c\H) B )\H) A . (13) 



In detail, when Alice obtains the state | + x) a , the three-photon 
system is in the state \¥' 2 )cba- When Alice obtains the state 
| - x) a , she need only perform a phase-flip operation on her 
photon A and she will obtain the state ^V' 2 )cba ■ 

It is not difficult to find that the state ^V' 2 )cba shown in 
Eq.flTBl has the same form as the state \<p)cba shown in Eq.(f3]l 
but different parameters. We need only replace the parame- 
ters a and B in Eq.© with the parameters a' = 



and 



o 



u 
o 
o 

p 



o 




P = 



respectively. That is, Alice can also concen- FIG. 3: The relation between the total success probability P(n) and 



-yV+2/? 2 

trate the state ^V'^cba as the same as the state \<p)cba- The 
probability that Alice, Bob, and Charlie obtain the standard 
three-photon W state from each system in the stat ^V't)cba is 



the parameter F = 3\a\ when \a\ < \/3\ for the cases n = 1 (dot 
curve), 2 (dash-dot curve), 3 (dash-dot-dot curve), 4 (dash curve), 
and 5 (solid curve), respectively. 



a^+lB 4 a 4 +2, 



m _i_ H 

» 4 +2/8 4 <r>+2B 4 



3a 4 /? 4 



(a 4 +B 4 ){a 4 + 2B 4 )' 



(14) 



Certainly, the probability that Alice, Bob, and Charlie obtain 
the three-photon state with less entanglement from each sys- 
tem in the stat PFOcfti becomes 



P' = 



( ° 4 ) 2 I 2 ( £ ) 2 

a 4 | P~ 

ff 4 +2/3 4 o A +2B 4 



a 8 + 2/? 8 



(a 4 +B 4 )(a 4 + 2B 4 )' 



(15) 



After Alice performs the entanglement concentration process 
for n times, the total probability that Alice, Bob, and Charlie 
obtain the standard three-photon W state \ W^)cba is 

P(n) = P x + P\P 2 + +P[P' 2 P 3 + ■■■+ P\P' 2 ■ ■ ■ P' n _ x P n 



- 3 A 



a 



V? 4 



a 2 +B 2 {a 2 + B 2 ){a 4 + B 4 ) 



(a 2 + B 2 )(a 4 + /? 4 )(a 8 + /3 8 ) + " 



{a 2 + B 2 )(a 4 + B 4 ) ■ ■ ■ (a 2 " + B 2 ") 



(16) 



Let us assume that the parameter \a\ 2 < \B} 2 . One can 
see that the maximal success probability that Alice, Bob, and 
Charlie can distill a standard W state from the partially en- 
tangled state \<p) CBA = a\H) c \H) B \V) A + B{\H) C \V) B \H) A + 
\V)c\H)b\H) a ) is 3|a| 2 and \a\ 2 e [0,1/3]. Let us assume 
F = 3\a\ 2 . The relation between the total probability P(n) 
and F is shown in Fig [3] Generally, when Alice repeats her 
entanglement concentration 5 times, the total success proba- 
bility P(n) approaches to the parameter F, the limit in theory. 



For a partially entangled W-class state with less entanglement, 
Alice need only iterate the process for 2 or 3 times for obtain- 
ing the total success probability approaching to the limit. 



III. ENTANGLEMENT CONCENTRATION OF 
PARTIALLY ENTANGLED W-PHOTON W STATES 

In principle, it is not difficult to generalize our ECP for par- 
tially entangled -photon W states. Let us assume that there 
is a partially entangled -photon W-class state 

\<P)abc~z = a x \H) z ---\H) c \H) B \V) A 

+ B l (\H) z ---\H) c \V) B \H) A 

+ \H)z---W)c\H) B \H) A + --- 

+ W)z---\H)c\H)b\H) a ). (17) 

The subscript A, B, C, . . ., and Z represent the photons in 
W-class states shared by Alice, Bob, Charlie, . . ., and Zach, 
respectively. Here, the parameters a\ and B\ satisfy the fol- 
lowing relation 



a[ + {N- V)B\=l. 



(18) 



For obtain a standard -photon W state from each system 
in the state \<p)abc-z> Alice prepares an ancillary photon a\ in 



the stat \tp) ai 



■(a\\H) + B\\\V)) ay , similar to the case 



in the entanglement concentration of a three-photon system. 
Then the state of the composite system can be written as 



|0> 2 



\<p)z-CBA ® \<P>a, 
1 



J^+fA 



{a l B l [\H) z ---\H) c \H) B \V) A \V) ai 
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+ (\H) z ---\H)c\V) B + \H) z ---\V}c\H) B 
+ ■■■ + \V) z ---\H) c \H) B )\H) A \H) ai ] 
+ a\\H) z ■ ■ ■ \H) c \H) B \V) A \H) ai 

+ (3\{\H)z ■ ■ ■ \H)cW) B + \H)z ■ ■ ■ W)c\H) B 

+ ■■■ + W) z ---\H) c \H) B )\H) A \V) ai ). (19) 

If the parity of the two photons A and a is even, the (N +1)- 
photon system is in the state 

W'Dz-CBAa, = -Ul#>Z ■ • • \H) C \H) B \V) A \V) ai 

yN 

+ (\H) z ---\H)c\V)b + \H) z ---\V)c\H) b 
+ ■■■ + \V)z---\H) c \H) B )\H) A \H) ai ], (20) 

which takes place with the probability 

Na\p\ 



obtain a system in a standard Af -photon W state from each 
system in a partially entangled Af -photon W-class state is 



P'{n) = N[ 



808 



(26) 



F = 



(21) 



If the parity of the two photons A and a x is odd, the (N + 1)- 
photon system is in the state 



l^'Oz-CBAai 



1 



[a\\H)z---\H) c \H) B \V) A \H) ai 



+ p\(\H)z ■ ■ ■ \H)cW)b + \H) Z ■ ■ ■ W)c\H) B 
+ ■■■ + \V) z ---\H)c\H) B )\H) A \V) ai ], (22) 

which takes place with the probability 



n>" _ 



(23) 



By measuring the ancillary photon a \ in the (Af + l)-photon 
system in the state |*Pi )z- CBAa l , the Af parties can obtain the 
standard -photon state 



\W + N ) 



M/Z-CBA 



1 



[\H)z---\H) c \H) B \Vh 



+ (Wz ■ ■ ■ \H)cW)b + \H)z ■ ■ ■ \V) c \H)b 
+ ■■■ + \V)z---\H) c \H) B )\H) A ] (24) 

with or without a phase-flip operation on the photon A. When 
the (Af + l)-photon system is in the state ^¥'")z -CBAa\ > Alice 
can collapse it into the Af -photon state 



1 



■CBA 



a\\H) z ---\H) c \H) B \V) A 



+ Pi(\H) z ■ ■ ■ \H)c\V) B + \H)z ■ ■ ■ \V) c \H)b 

+ ■■■ + \V)z---\H) c \H) B )\H) A ] (25) 

by measuring the ancillary photon a i with the basis X and per- 
forming a phase-flip operation or not on the photon A. More- 
over, the state \^\)z -cba has the same form as that of the state 
\f)z-CBA an d can be used as the resource in next round of con- 
centration. By iterating the entanglement concentration pro- 
cess n times, the total success probability that the Af parties 



IV. DISCUSS AND SUMMARY 



By far, there are no ECP for photon systems in a known 
W-class state, although there are two ECPs for photon system 
in an unknown W-class state In fact, in a practical 

application of entanglement concentration, it is not difficult 
for the Af parties in quantum communication to obtain infor- 
mation about the W-class state shared by them. They need 
only measure a subset of samples. The present ECP is the 
first one for a known W-class state and it is more practical 
in the application in future. Compared with other two ECPs 
for W-class states l59l l60ll . the present ECPs has some ad- 
vantages. First, the present ECP requires only an A^-photon 
system in each round of entanglement concentration, not two 
copies of two Af -photon entangled systems, which decreases 
the difficulty of its implementation largely. Second, only one 
of the Af parties in quantum communication perform the local 
unitary operation for reconstructing the standard W state from 
the W-class state and she need only communicate the classical 
information to other parties for retaining or discarding their 
photons, which greatly simplifies the complication of classi- 
cal communication, similar to the works for a Bell-type state 
I54I l55ll . Third, it has a higher success probability than others 
as its total success probability approaches to the limit in the- 
ory. These advantages maybe makes our ECP more feasible 
than other ECPs. 

In summary, we have proposed an ECP for nonlocal Af- 
photon systems in a partially entangled pure W-class state, 
resorting to ancillary single photons and parity-check mea- 
surement based on cross-Kerr nonlinearity. Only one of the 
Af parties in quantum communication prepares ancillary pho- 
tons and operates the entanglement concentration process for 
obtaining the standard Af -photon W state from each partially 
entangled pure W-class state. She need only tell other parties 
to retain or discard their photons in the whole entanglement 
concentration, which greatly simplifies the complication of 
classical communication, similar to the works for a Bell-type 
state f54l l55ll . Third, it has a higher total success probability 
approaching to the limit in theory by iterating the entangle- 
ment concentration process several times. All these advan- 
tages make our ECP more feasible than others. It maybe have 
good applications in quantum communication in future. 
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